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(1) 1 critical point $(\lambda, \nu)$
$\lambda=-\mathrm{l}-\mathrm{o}\mathrm{g}(1-D)\overline{a}$ , $\nu=\overline{D}’\lambda(1-\lambda)$
( $\lambda$ $a$ $D$ depend $\nu$ { $a,$ $r,$ $D$ depend )
limit cycle – ( [1],
[2], [5], [6] $)$ Kooij and Zegehing [3]
THEOREM 1. (i) $a>2$ (1) – mit cycle (ii) $0<a\leq 2$
(1) limit cycle
(1) himit cycle 2 $a\leq 2$ himit
cycle limit cycle –
hhmit cycle
$a>2$ (1) fimit cycle ?
Bendixson






$\overline{2}\leq r\leq D$ (3)








(4) Bendixson himit cycle






(4) Figure 1 himit cycle
(1)








, (5) limit cycle
( [1], [7], [8])
THEOREM 2. $u$ $(F(u), G(u))$
(5) himit cycle ... ‘ :.
2
Example 1 $a=3,$ $r=1,$ $D= \frac{9}{10},$ $\lambda=-\frac{1}{3}\log\frac{1}{10}$
$F(u)= \frac{(u-\frac{1}{3}\log\frac{1}{10})(1-u+\frac{1}{3}\log\frac{1}{10})}{1-\frac{1}{10}e^{-3u}}+\frac{10}{27}(1+\frac{1}{3}\log\frac{1}{10})\log\frac{1}{10}$ ;
$G(u)=u- \frac{3}{10}\log\frac{10e^{3u}-1}{9}$








(4) Figure 3 $(F(u), G(u))$
limit cycle Figure 4 himit
cycle
Theorem 2 (1) limit cycle
$G(u)$ $G(\mathrm{O})=0$ $G(u)$ \mbox{\boldmath $\lambda$} $<u<0$





















$0<a\leq 2$ $h”(-.\lambda)=-a(.2-a).\leq 0$
$k(u)=a^{3}(u+\lambda)^{2}-a^{2}(a+2)(u+\lambda)-a(2-a)$
$a^{4}(a^{2}+12)>0$
$h”(u)<0$ $(-\lambda<u<u_{*})$ ; $h”(u_{*})=0$ ; $h”(u)>0$ $(u>u_{*})$
$u_{*}$
$h’(u)arrow-2$ as $uarrow\infty$
$h’(u)<0$ for $u>-\lambda$ , $h(u)$
$h(u)<h(-\lambda)=0$ for $u>-\lambda$
$F(u)$ $G(u)$
$(F(u), c(u))$ Theorem 2 (1) himit
cycle Theorem 1(ii)
$a>2$ $h”(-\lambda)=-a(2-a)>0$ $k(u)$ $0<a\leq 2$
$-\lambda<u^{*}<u_{*}$ $u^{*},$ $u_{*}$ $h”(u^{*})=h’’(u*)=0$ ;
$h”(u)>0$ $(-\lambda<u<u^{*})$ ; $h”(u)<0$ $(u^{*}<u<u_{*})$ ; $h”(u)>0$ $(u>u_{*})$
$h’(-\lambda)=0,$ $h’(u)arrow-2$ as $uarrow\infty$ $h’(u)$ $u=u^{*}$
$u=u_{*}$
$h’(u)>0$ $(-\lambda<u<\overline{u})$ ; $h’(\overline{u})=0$ ; $h’(u)<0$ $(u>\overline{u})$
$\overline{u}:u^{*}<\overline{u}<u_{*}$ $h(u)$ ( $u=\overline{u}$
$h(-\lambda)=0,$ $h(u)arrow-\infty$ as $uarrow\infty$
$h(u)>0$ $(-\lambda<u<\hat{u})$ ; $h(\hat{u})=0$ ; $h(u)<0$ $(u>\hat{u})$










$F(u)>0$ $(-\lambda<u<0)$ ; $F(u)<0$ $(u>0)$
$(F(u), G(u))$
(1) mit cycle $\frac{r}{a}-\nu\geq 0$
$a \leq-\frac{(\log(\mathrm{l}-D))2}{D+\log(1-D)}\equiv^{\tau}(D)$ (6)
$\Gamma(D)$ $D$ $\Gamma(D)>2$ for $0<D<1$
$0<a\leq 2$ (6) (1) hhmit
cycle
Examples 1, 2 (6)
Example 1 $(a=3, D= \frac{9}{10})$ :
$aD+a \log(1-D)+(\log(1-D))=\frac{27}{10}2+3\log\frac{1}{10}+(\log\frac{1}{10})^{2}\approx 1.094142831>0$.
Example 2 $(a=3, D= \frac{7}{10})$ :
$aD+a \log(1-D)+(\log(1-D))=\frac{21}{10}+3\log\frac{3}{10}+2(\log\frac{3}{10})^{2}\approx-0.06236789942<0$.
Example 1 (6) limit cycle
(Bendixson (4) Example 1 )
(6) Example 2 limit cycle
(6) $F(u)$ $\text{\^{u}}<0$








$\Delta(D)$ $D$ $\Delta(D)>2$ for $0<D<1$
(2), (6), (7) $a-D$ Figure 5 . $\cdot$ .
RESULT 1. $a\leq\Gamma(D)$ (1) himit cycle
$a>\Gamma(D)$ \^u $F(u)$ \mbox{\boldmath $\lambda$} $<u<\hat{u}$
$u>\hat{u}$ ( $a>2$
$F(u)$ )





LEMMA 1 . $G(-u)>G(u)$ for $0<u<\lambda$ .
Theorem 2’ Lemma 1
THEOREM 3. $a>\Gamma(D)$
















Theorem 2’ (1) himit cycle
Theorem 3 (1) himit cycle
$H(u)\equiv F(-u)-F(u)$
$0<u<\lambda$







Result 1 Theorem 3 (1) limit cycle




$2r<a\text{ })_{\text{ }}..\text{ }$
$a=-2\log(1-D)$











LEMMA 2. $M(u)>0$ for $0<u<\lambda$ .




LEMMA 4. $\Delta(D)<2-2\log(1-D)$ for $0<D<1$ .
Lemma 4 (7)
$a(1-2\lambda)-2<0$
Lemma 3 $n\geq 2$
an$(1-2\lambda)-n(n-1)+a^{2}\lambda(1-\lambda)\leq 0$
$a \leq\frac{n(n-1)-2n\log(\mathrm{l}-D)+(\log(1-D))\wedge}{n-\log(1-D)}\equiv\Omega_{n}(D)$ (9)
$L^{(n)}(u)<0$ for $0<u<\lambda$ $u=0$ $L(u)$ $n(\geq 2)$
.. .,$\cdot$ . $L^{(n)}(0)=0^{\cdot}$
.
( $n$ : )
$L^{(n)}(\mathrm{o})=2(1-D)a-2\{n1-2\lambda)-n(n-1)+a^{2}\lambda(1-\lambda)\}an$( ( $n$ : )
(7)
$D(.1-2\lambda)-(1 - D)a\lambda(1-\lambda)\leq 0$
(7)
$L’(\mathrm{O})=-2(1-2\lambda)+2(1 - D)\{(1-2\lambda)+a\lambda(1-\lambda)\}$
$=-2\{D(1 - 2\lambda)-(1 - D)a\lambda(1-\lambda)\}\geq 0$
$\Omega_{n}(D)$
LEMMA 5. $\Omega_{n}(D)<\Omega_{n+1}(D)$ for $0<D<1$ .





RESULT 3. $\Gamma(D)<a\leq\Delta(D)$ (1) himit cycle
$a>\Gamma(D)$ Theorem 3 Lemma 2
(u) $>0$ for $0<u<\lambda$ (10)
Case 1: $a\leq\Omega_{2}(D)$ . $0<u<\lambda$ $L”(u)<0$ $L’(u)$
$a\leq\Delta(D)$ $L’(\mathrm{O})$ $\geq 0$ $L’(u)$ or
$\mu_{1}\geq 0$
’(u) $>0$ $(0<u<\mu_{1})$ ; $L’(\mu_{1})=0$ ; $L’(u)<0$ $(\mu_{1}<u<\lambda)$
(0) $=$ (\mbox{\boldmath $\lambda$}) $=0$
$L(u)$ $0<u<\mu_{1}$ $.\mu_{1}.<u<\lambda \text{ _{ } }.(10)$
Case 2: $\Omega_{2}(D)<a\leq\Omega_{3}(D)$ . $0<u<\lambda$ $L”’(u)<0$
$L”(u)<L’’(\mathrm{O})=0$ for $0<u<\lambda$
Case 1 (10)




Case 3: $\Omega_{3}(D)<a\leq\Omega_{4}(D)$ . $0<u<\lambda$ $L^{(4)}(u)<0$ $L”’(\mathrm{O})>0$
$L”’(u)$ or $\mu_{3}>0$
$L”’(u)>0$ $(0<u<\mu_{3})$ ; ”’(\mu 3) $=0$ ; $L”’(u)<0$ $(\mu_{3}<u<\lambda)$
$L”(\mathrm{O})=0$ $L”’(u)$ $L”(u)$
or $\mu_{2}>\mu_{3}$
”(u) $>0$ $(0<u<\mu 2)$ ; ”(\mu 2) $=0$ ; $L”(u)<0$ $(\mu_{2}<u<\lambda)$
$a\leq\Delta(D)$ $L’(\mathrm{O})\geq 0$ $L’(u)$
or $\mu_{1}>\mu_{2}$
$L’(u)>0$ $(0<u<\mu 1)$ ; ’(\mu 1) $=0$ ; ’(u) $<0$ $(\mu_{1}<u<\lambda)$
$L(\mathrm{O})=.L(\lambda)=0$ ’(u)
$L(u)$ $0<u<\mu_{1}$ $\mu_{1}<u<\lambda$
( $\mu_{2}$ $\mu_{3}$ ) (10)
Case $\mathrm{n}:\Omega_{n}(D)<a\leq\Omega_{n+1}.$. $(D)$ . $0<u<\lambda$ $L^{(n+1)}(u)<0$
$1<k\leq n$
$L^{(k)}(0)=0$ ( $k_{\mathrm{i}}$ ); $L^{(k)}(0)>0$ ( $k$ : )
’(0) $\geq 0$ , L(O)= (\mbox{\boldmath $\lambda$}) $=0$
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$0<\mu_{n}<\cdots<\mu_{2}<\mu_{1}<\lambda$
$L^{(k)}(u)>0$ $(0<u<\mu_{k})$ ; $L^{(k)}(\mu_{k})=0$ ; $L^{(k)}(u)<0$ $(\mu_{k}<u<\lambda)$
$k=1,2,$ $\ldots,$ $n$ (10) ..
Example 2 himit cycle Results 1, 2
Result 3
$\Gamma(0.7)\approx 2.876247490$ , $\Delta(0.7)\approx 3.691460019$
Results 1and 3
RESULT 4. $a\leq\Delta(D)$ (1) limit cycle
Result 4 $a>\Delta(D)$ (1) himit cycle
$a>\Delta(D)$
MAIN THEOREM. (1) – himit cycle
$a> \Delta(D)=-\frac{2D+(1-D)\log(1-D)}{D+(1-D)\log(1-D)}\log(1-D)$ (11)
(1) (5)
$P\in$ { $(u,$ $v)$ : $u>-\lambda$ and $v\in \mathrm{R}$ } (5) positive semitrajectory,








as $uarrow-\lambda$ , $C(u)arrow-\infty$ as $uarrow 1-\lambda$
Main Theorem Lemma
LEMMA 6. $a>\Delta(D)$ $P\in \mathrm{Y}^{+}$ $T^{-}(P)$
{ $(u,$ $v):-\lambda<u\leq 0$ and $v\in \mathrm{R}$ } $v=C(u)$ $Y^{-}$
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LEMMA 7. $a>\Delta(D)$ $T^{+}(P)$ { $(u,$ $v)$ : $u\geq 0$ and $v\in \mathrm{R}$ }
$v=C(u)$ $P\in Y^{+}$
LEMMA 8. $P\in Y^{+}$ $T^{+}(P)$ 1
$P$ $Q$ $Y^{+}$
Main Theorem Lemma 7 $P_{1}\in Y^{+}$ $T^{+}(P_{1})$
$v=C(u)$ ‘’ Lemma 6
$\tau^{-}(P_{1})$ { $(u,$ $v)$ $:-\lambda<u\leq 0$ and $v\in \mathrm{R}$ } $Y^{-}$ (5)
$\tau^{-}(P_{1})$ $Y^{+}$
– $\tau^{-}(P_{1})$ $T^{+}(P_{1})$ $P_{1}$
$\tau^{-}(P_{1})$ $P_{1}P_{2}$ P1P $R_{1}$
$P_{3}\in Y^{+}$ Lemma 8 $T^{+}(P_{3})$ 1
$P_{4}$ $\tau^{-}(P_{3})$ Lemma
6 – $Y^{+}$ $T^{\neg}(P_{3})$
$R_{2}$ $T^{+}(P_{3})$ $P_{3}\ovalbox{\tt\small REJECT}$
$P_{3}P_{4}$ $R_{2}$
$R_{1}\backslash R_{2}$ Bendixson sack (
$R_{1}\backslash R_{2}$ ) Poincar\’e Bendixson $R_{1}\backslash R_{2}$ himit
cycle (5) (1)
(1) himit cycle
(11) $a>2$ (Figure 9 )
Theorem 1(i) limit cycle – (1) himit cycle
( stable himit cycle )





THEOREM 4. $0<x^{*}<m$ $x^{*}$ $m$
$\phi(0)=\psi(0)=0$ and $\phi’(x)>0,$ $\psi’(x)>0$ for $x>0_{J}.\cdot$ (13)
$\psi(x^{*})=\nu$ and $(x-m)\rho(x)<0$ for $x\neq m.$ ; (14)
$\frac{d}{dx}(\frac{x\rho(x)}{\phi(x)})|_{x=x^{*}}>0$ (15)
$\frac{d}{dx}\mathrm{r}\frac{x\rho’(X)+\rho(X)-X\rho(_{X})\frac{\phi’(x)}{\phi(x)}}{-\nu+\psi(x)}|\leq 0$ for $x\neq x^{*}$ (16)
(12) – limit cycle
(1)
































( $a>\Delta(D)$ (1) himit cycle – )




Fig. 1. $\dot{x}=x(1-X)-(1-e^{-3x})y$ , $\dot{y}=y(_{\frac{1}{10}}-e^{-3x})$ .
Fig. 2. ; $a=3,$ $r=1,$ $D= \frac{9}{10}$ .
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Fig. 3. $a=3$, $r=1,$ $D= \frac{\prime}{10}$ .
Fig. 4. $\dot{x}=x(1-x)-(1-e^{-3})xy$ , $\dot{y}=y(\frac{3}{10}-e^{-3x})$ .
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Fig. 5 (1) himit cycle ( $a-D$ )
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